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The Geometric Clutch model of ciliary and flagellar beating uses the transverse
force (t-force) that develops between the outer doublets of the axoneme as the
regulator for activating and deactivating the dynein motors and organizing the
flagellar beat. The version of the model described here adds detail to the formu-
lations used in the two previous versions as follows: (1) In place of two opposing
sets of dyneins, the new model has four sets of dyneins, corresponding to two sets
on each side of the axoneme acting in series. (2) The four sets of dyneins are each
subdivided into two ranks representing inner and outer arm dyneins. (3) The force
produced by each dynein is governed by a force-velocity relationship that is
independently specified for the inner and outer arms. Consistent with the original
model, the new version of the Geometric Clutch model can simulate both the
effective and recovery stroke phases of the ciliary beat using a single uniform
algorithm. In addition, the new version can operate with the outer arms disabled.
Under this condition, the simulation exhibits a beat pattern similar to the original
but the beat frequency is reduced to approximately one third. These results are
contingent on using force-velocity relationships for the inner and outer arms
similar to those described by Brokaw [1999: Cell Motil. Cytoskeleton 42:134–
148], where the inner arms contribute most of the driving force at low shear
velocities. This constitutes the first examination of the effects of the force-velocity
characteristics of dynein on a cilia-like beat in a theoretical framework. Cell Motil.
Cytoskeleton 52:242–254, 2002. © 2002 Wiley-Liss, Inc.
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INTRODUCTION

Ever since Brokaw [1961] demonstrated that an
isolated flagellum separated from its parent cell was a
self-contained biological machine, it has been an en-
during puzzle to explain how the axoneme generates
rhythmic beating in cilia and flagella. A hypothesis has
been put forth that suggests a unified mechanism un-
derlying both ciliary and flagellar beating and is called
the Geometric Clutch hypothesis. According to this
hypothesis, the force that develops between the dou-
blets of the eukaryotic axoneme is the organizing
principle that regulates the activity of the dynein mo-
tors. In this view of axonemal functioning, the action
of large numbers of individual dyneins is coordinated
into episodes of attachment to the adjacent doublet and
processive sliding by transverse forces (t-forces) that

move the doublets slightly closer together or pull them
apart.

Two computer models have been used to test the
Geometric Clutch hypothesis as a working principle to
simulate the beating of both cilia and flagella [Linde-
mann, 1994a,b]. The first model established that the

Contract grant sponsor: National Science Foundation; contract grant
numbers: MCB-9722822 and MCB-0110024.

*Correspondence to: Charles B. Lindemann, Department of Biological
Sciences, Oakland University, Rochester, MI 48309.
E-mail: lindeman@oakland.edu

Received 23 October 2001; Accepted 19 March 2002

Published online 28 June 2002 in Wiley InterScience (www.
interscience.wiley.com). DOI: 10.1002/cm.10049

Cell Motility and the Cytoskeleton 52:242–254 (2002)

© 2002 Wiley-Liss, Inc.



principle could be used to generate repetitive beating
[Lindemann, 1994a]. The simulation was a dimension-
less framework where two sets of opposing force-gener-
ating bridges were incapable of spontaneously initiating
activity in the absence of a bend. The second version
showed that the Geometric Clutch formulation was com-
patible with the physical properties of a real flagellum
moving in a viscous fluid. It incorporated the dimensions
and physical properties of a real flagellum or cilium into
the computed simulation [Lindemann, 1994b]. This ver-
sion of the model also showed that if each dynein is given
a small probability of spontaneously binding to the ad-
jacent doublet, then the simulation will initiate motility
without the need for an imposed bend. In addition, the
model can reconcile a large body of experimental obser-
vation within one unified theoretical framework [Linde-
mann and Kanous, 1995, 1997].

The second model [Lindemann, 1994b] was
adapted to simulate the larger and stiffer axoneme of a
bull sperm. With the appropriate modifications to repre-
sent the dimensions and structures of a bull sperm, the
model simulates the beating of a bull sperm flagellum
with good semblance of the waveform and wave propa-
gation, and duplication of the beat frequency [Linde-
mann, 1996]. The bull sperm-adapted simulation also
behaves like a real bull sperm when shortened or blocked
by an obstacle [Holcomb-Wygle et al., 1999]. In fact, the
bull sperm version of the model successfully predicted
isometric arrest behavior that was confirmed experimen-
tally. The flagellum of a bull sperm will arrest while
pushing against an imposed obstacle. This behavior al-
lowed us to measure the isometric stall force produced by
the arrested flagellum [Schmitz et al., 2000].

The work on bull sperm has shown that the work-
ing principle of the Geometric Clutch simulation is ro-
bust enough to bridge the divide between simple flagella
(or cilia) and the larger, specially modified, axonemes of
mammalian sperm flagella. It has also shown that the
model can accurately predict phenomena observed in a
real flagellum.

The considerable success of the Geometric Clutch
model in simulating the beating of cilia, flagella, and bull
sperm is encouraging. It brings us closer to the goal of a
computed model that can begin to address the role of the
individual axonemal components in the beat cycle of a
working flagellum. Toward accomplishing this goal, the
original dimensioned model [Lindemann, 1994b] was
used as a starting point, with more detail of a complete
axoneme being added in the version of the model de-
scribed here. The new version of the model is the first to
allow the specific roles of the inner and outer dynein
arms to be addressed in the context of the Geometric
Clutch hypothesis.

In the new version, the first important change is that
there are now four ranks of dyneins, two on each side of
the axoneme acting in series. This is a necessary step in
achieving a full compliment of eight functional sets of
interdoublet dyneins. The second major addition is that
the dyneins in each rank are divided into outer and inner
arm dyneins, with separately specified characteristics.
The force supplied by these individual dyneins is now
not a fixed value, but varies and depends on the shear rate
(sliding velocity) between the associated doublets. Other
improvements to the original model that have been made
in this version include a better algorithm to balance the
drag–torque and driving-torque, so that fluid drag is more
realistic. Also, the transfer of longitudinal force from the
doublets on one side of the axoneme to those on the other
side was refined so that it is now based on the geometry
of the axoneme.

In this report, the effect of varying the force-veloc-
ity relationship of the inner and outer dynein arms is
examined in the context of a simulated 10-�m cilium
using the new model. The force-velocity characteristics
of inner and outer arm dynein suggested by the work of
Brokaw [1999] from his flagellar model were evaluated
to see if they are also applicable to a ciliary model in an
independent theoretical framework.

The force-velocity behavior attributed to the inner
and outer arm dyneins in Brokaw’s model is the outcome
of modeling dynein cross-bridge cycle kinetics using a
conventional four-step model [Brokaw, 1999]. There-
fore, the relationship of force to velocity is a result of a
specific theoretical treatment of the dynein cross-bridge
cycle adjusted to give a best fit of the data from dynein
arm extraction experiments in flagella. The Geometric
Clutch model as presented in this report does not model
the individual dynein cross-bridge cycle, nor does it
evaluate the underlying assumptions that are the source
of the force-velocity behavior in Brokaw’s model. How-
ever, what has been determined is that motors with a
force output as specified in Brokaw’s model, can drive
the mechanics of the Geometric Clutch mechanism and
produce a beat that is similar to that of a real cilium. In
addition, it appears that differences in the performance of
the inner and outer arm dynein improve the Geometric
Clutch simulation of a 10-�m cilium.

ANALYSIS AND MODEL

The version of the Geometric Clutch model that
was reported in Lindemann [1994b] was used as the
starting point for the development of the model reported
here. The source code for the original and the upgraded
version are available at no cost and can be downloaded
from the web site http://www2.oakland.edu/biology/
lindemann/. The programs are written in C�� and use
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Borland turbo C�� graphics. Therefore, in their current
form they require the Borland BGI graphics support files
to execute. The structural components of the axoneme
specifically represented in the new model are indicated
by the heavily shaded structures in Figure 1. A presen-
tation of how they are treated in the model is provided
below.

T-Force

The operation of the algorithm that calculates t-
force has been changed to better define the effects of the
nexin links that complete the circle around the axoneme.
The nexin located between doublets 9 and 1, 1and 2, 4
and 5, and 6 and 7 (included in Fig. 1) stretch when the
axoneme bends and this partially off-sets the longitudinal
force present on doublets 2, 4, 7, and 9. In order to
calculate t-force, the longitudinal force acting on these
doublets must be found. In an intact axoneme, some of
the longitudinal force will be transferred across the ax-
oneme to the opposite side by connecting structures that
include the nexin, the spokes, and potentially also the
dynein stalks (or B-links). Although it is not yet possible
to systematically account for all of these structures, the
portion of the force transfer that is transmitted through
the nexin links can be modeled if the elasticity of the
nexin is specified. Longitudinal force is transferred
across the nexin links from one side of the axoneme to
the opposing side by the nexin links that connect to
doublet 1 and doublets 5–6. In the earlier model, an
arbitrary fraction of the force on each side, called the
transfer factor, was subtracted from the longitudinal
force used for the t-force calculation on the other side. If
we adopt the simplest assumption, that nexin elasticity is

the same between each doublet pair, then we can treat the
transfer quantitatively. The relative stretching of the
nexin between each doublet pair is proportional to the
shear displacement, which is in turn proportional to the
separation of the doublets in the plane of the beat. Figure
1, which illustrates the parts of the axoneme represented
in the new model, also shows the relative spacing of the
doublets in the plane of the beat (D1–4). The sum of
spacings D1 and D4 is 60 �m and the sum of spacings D2

and D3 is 110 �m, distances determined from measure-
ments on transmission electron micrographs of real ax-
onemes. The ratio of the spacing is such that when the
axoneme bends, the nexin links between doublets 9, 1, 2
and those between 4, 5–6, 7 experience a shear that is
55% as great as the shear experienced by the nexin
between doublets on the two sides (those between dou-
blets 2, 3, 4 and 7, 8, 9). Therefore, the longitudinal force
transferred from one side to the other is always a fixed
fraction of the passive elastic force generated by stretch-
ing the nexin links on the two sides. It amounts to a
reduction of the passive elastic component of the longi-
tudinal force to 45% (0.45) of the value used to calculate
the t-force in the original model. This fixed relationship
has replaced the arbitrary reduction of the longitudinal
force on the doublets by a “transfer factor” [equations
10 a,b in Lindemann, 1994b]. Thus, the new model has a
definite relationship for nexin and force transfer based on
the structure of the axoneme in place of an arbitrary
factor.

One arbitrary transfer factor remains in the up-
graded model. The “transfer coefficient P-R” (Table I) is

Fig. 1. A schematic depiction of the axonemal structures treated in
the current model viewed from base toward tip. The structures repre-
sented in the current model are depicted as heavily shaded objects.
These include the outer doublets, inner and outer arm dyneins (ida and
oda, respectively), and the nexin connections. The relative spacing of
the center to center distances (D1–4) that determine sliding, and ulti-
mately nexin distention, are also shown.

TABLE I. Modeling Parameters for Simulations

Length 0.001 cm
Number of segments 30
Functional diameter (D)a 1.0 � 10�5 cm
Iteration interval 0.0001 sec
Drag coefficient 0.028 dyne cm�2 sec
Passive stiffness (IE) 1.3 � 10�13 dyne cm2

Elastic constant per nexin link
(KE)b

0.03 dyne/cm

Transfer coefficient P - R 0.2
Resting probability of dynein bridge

attachment
Principal bend bridges 0.06
Reverse bend bridges 0.01

t-force scaling factorc 10,000
Adhesion scaling factord 26,000
Dynein heads per �m

In outer arm file 125/�m
In inner arm file 73/�m

aFunctional diameter is based on the spacing between doublets 2–4,
and between doublets 7–9.
bBased on 100 nm nexin spacing.
ct-force to bridge attachment probability.
dAdhesion force to bridge attachment probability.
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the amount of reduction in adhesive force on one side of
the axoneme caused by the attachment of dyneins on the
opposite side. This factor will remain difficult, or impos-
sible, to treat quantitatively until we have a better under-
standing of the mechanical properties of the spokes and
the distortion of the axoneme during the beat cycle. Until
that information is available, this property of the axoneme
must continue to be represented by an arbitrary numerical
factor, which was 20% (0.2) in the present study.

Dynein Force

The new model has four sets of dyneins that cor-
respond to those on doublets 2 and 3 on one side of the
axoneme and doublets 7 and 8 on the other. In the current
formulation, the dyneins on doublets 2 and 3 experience
the t-force developed between doublets 2 and 4, and the
dyneins on 7 and 8 experience the t-force developed
between doublets 7 and 9. The force developed by each
dynein contributes to the bending torque, those on dou-
blets 2 and 3 in one direction and those on 7 and 8 in the
opposite direction. In the Geometric Clutch formulation,
the dyneins with the greatest probability of spontaneous
attachment to the adjacent doublet are called the P-bend
bridges and those with the lower base-level probability of
attachment are the R-bend bridges. Which set is desig-
nated P and which is designated R is arbitrary for the
purpose of modeling the flagellum. Investigations of
sliding dominance in bull sperm suggest that the 7–9 set
is probably the P-bend bridges [Kanous et al., 1993], but
the polarity may not be conserved in other cilia and
flagella [Satir et al., 1991]. The two sets of bridges that
are of the same bending polarity each contribute a torque
that is based on the spacing, measured in the plane of the
beat, between the doublets they bridge (see Fig. 1).
Therefore, the contribution of torque by the two sets of P
or R bend bridges is averaged rather than additive. In this
way, the torque exerted across the full working diameter
is provided by serial transfer through both dynein sets.
Another way to look at it is that the full force of a single
dynein acting across the full working diameter requires
the action of two dyneins. They may act serially to
transmit the force across the full working diameter, or
they may act in parallel in which case they contribute
twice as much force across half the working diameter.
Either way the mathematical outcome is the same.

In addition to the P and R designations for dynein
bridges that are of opposite bending polarity, each of the
four sets is subdivided into dyneins designated as inner
or outer arm dyneins. In all four bridge-sets, the number
of inner and outer dynein heads is based on the dynein
distribution observed in a Chlamydomonas flagellum
[Piperno and Luck, 1982; Mastronarde et al., 1992; Pi-
perno et al., 1992]. Based on these structural studies, it is
known that the distribution pattern of dynein heads com-

pletely repeats at 96-nm intervals. The number of outer
arm dynein heads in a 96-nm repeat interval is 12 and the
number of inner arm heads is 7. Derived from this data,
the number of inner arm dynein heads per set in each
modeling segment is set in the model by multiplying
729,200-dynein heads/cm by the length of the modeling
segment in centimeters. Likewise, the number of outer
arms in each bridge set in each modeling segment is
equal to 1,250,000-dynein heads/cm times the segment
length in centimeters. For a 10-�m-long cilium with 30
modeling segments, this equates to 24 inner and 41 outer
arm dynein heads in each segment. Setting the number of
dynein heads in this fashion allows the correct number of
dyneins to be automatically maintained even if the length
of the cilium is changed. Furthermore, it does not require
a readjustment of the dynein bridge assessment loops
when segment length is varied.

In the new model, the force per dynein head is not
constant but varies as a function of the local sliding
velocity between the doublets. At each modeling seg-
ment, the force generated by each attached (active) dy-
nein head is found by retrieving the adjusted force value
from a function call (find_force (velocity, arm)). The
function call passes the current sliding velocity and the
inner or outer arm designation to a force-velocity func-
tion subroutine that returns the current force value based
on a force-velocity relationship specified in the subrou-
tine of the function. The inner and outer arm dyneins can
be given any desired force-velocity behavior independent
of each other. The four force vs. velocity profiles for the
inner and outer arms that are reported on here are shown
in Figure 2. Figure 2 is composed from the actual re-
turned values provided by the find_force function used in
the four force-velocity relationships evaluated in this report.
Therefore, each is an exact representation of the force-
velocity relationship used for the modeling calculations.

A hyperbolic relationship of the form:

force �
f0

�� � 0.91
� 0.099 f0 (1)

was used to create the force-velocity curves displayed in
Figure 2a and b. For the graphs shown in Figure 2a, the
value assigned f0 was 5.0 for the inner arm dyneins and
4.8 for the outer arm dynein. The only significance to the
small difference in the assigned values, is that it made it
easier to visualize the co-plotted curves. The value of �
was 10,000 for the inner arm dyneins and 5,000 for the
outer arm dyneins. At values of sliding velocity (�) less
than zero a linear relationship was used of the form:

force � f0 � ��� � �� (2)

with 	 at 100 and 
 set at 1.0 for the inner arm dynein and
	 at 50 and 
 at 1.0 for the outer arm dynein. For the

Geometric Clutch Model Version 3 245



force-velocity curves of Figure 2b, the inner arm rela-
tionship was the same as in Figure 2a. However, the outer
arm dynein force was modified to a constant value of 2.2
pN at shear velocities less than 3 � 10-4 cm/s. Above this
value of shear velocity, the relationship was hyperbolic
with � set at 3,000.

To test the hypothesis put forth by Brokaw [1999]
concerning the kinetic characteristics of the inner and
outer arms, the set of force-velocity relationships shown
in Figure 2c were constructed from Gaussian curves of
the form:

force � f0e
� �� � 	�2 � 
 (3)

and linear segments.

In both equations 2 and 3, f0 is 2.4 pN for the outer
arm dyneins and 5.0 pN for the inner arm dyneins and �
is the shear velocity at the modeling segment in question.
The values of the constants (�, �, 	, and 
) were selected
to build a form-fit approximation of the force-velocity
curves published by Brokaw [1999, fig. 11]. For the inner
arms, when �  0.0 a Gaussian curve was used, with � �
0.0 and � � 3.5 � 107. At values of � � 0.0 a linear
relation was used with 	 � 100 and 
 � 1.0. For the
outer arms � � 2.0 � 10-4. For values of �  2.0 � 10-4

cm/s, � � 4.0 � 106; for the values of � between �1.0 �
10-4 and 2.0 � 10-4 cm/s, � was set at 1.0 � 107. Below
�1.0 � 10-4 cm/s a linear relationship was used where
	 � 300 and 
 � 0.4066.

Fig. 2. The force-velocity relationships evaluated in the upgraded
Geometric Clutch computer model. Four different force-velocity rela-
tionships are shown in a–d. Each graph is a plot of the inner arm
dynein (open circles) and outer arm dynein (closed circles) force per
dynein head as a function of sliding velocity. a: A purely hyperbolic
function is used for both the inner and outer arms (hyperbolic force-
velocity relationship). b: The outer arm dynein curve has a plateau of
2.4 pN up to a value of 2 �m/s (modified hyperbolic force-velocity
relationship). c: Gaussian curves and straight lines are used to approx-

imate the force-velocity relationships derived from Brokaw’s [1999]
work (Brokaw’s force-velocity relationship). d: Gaussian curve for
outer arm dynein from c is modified to decrease the dynein force at
zero shear velocity (modified Brokaw’s force-velocity relationship).
Data for the graphs is the direct output from the force-assigning
function of the Geometric Clutch computer model. Consequently, they
are exact representations of the force-velocity profiles as implemented
in the functioning model.
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Adjustments of the constants allowed the modifi-
cation of the curves as shown in Figure 2d. For the inner
arm dyneins � was 0.0 and � was 4.0 � 107 at positive
values of �, and was the same as given above for negative
values. For the outer arm dyneins, � was 3.0 � 10-4 and
� was 4.0 � 106 at values of � greater than 2.0 � 10-4

cm/s, below this value � was 2.0 � 10-4 and � was 5.0 �
107. These changes produce a sharper decline in force as
zero shear velocity is approached.

Other force-velocity relationships can be easily
specified. A number of possibilities have been tried in-
cluding declining linear and constant force, and various
combinations of those above, to look for interesting
effects on the cilium simulation.

Adhesion Forces

According to the Geometric Clutch hypothesis, as
presented in detail in Lindemann [1994b], when dynein
heads first begin to attach they decrease the spacing
between the doublets and this in turn increases the prob-
ability of further bridge attachment. This is an expected
consequence of the fact that doublet spacing is greater
than the resting dynein arm length as originally observed
by Gibbons and Gibbons [1973]. In the Geometric Clutch
model [Lindemann, 1994b], each active dynein contrib-
utes a small increase in the probability of further bridge
attachment until the probability approaches 1.0. This
feature is conserved in the upgraded model. In the new
model, the adaptation of force vs. velocity behavior ne-
cessitated a reevaluation of the way the bridge force
relates to the adhesive force contribution. In the original
model, the adhesion force contribution was directly pro-
portional to the total bridge force, which in turn varied in
direct proportion to the number of attached bridges. That
simple approach is not sufficient to simulate the effects of
removing or disabling the dynein arms. The reason for
the problem can be understood in the following context.
If the arms themselves provide the resistance to dynein
detachment, fewer functional dynein units will require a
smaller t-force to bring about deactivation. This is auto-
matically compensated for in the real flagellum where the
linear force on the doublets falls in proportion to the
number of functioning arms. Unfortunately, the original
model’s formulation for this used two fixed proportion-
ality constants to represent the effects of t-force and
adhesive force on the probability of dynein attachment/
detachment. These constants are not self-adjusting when
the number of dynein heads is changed. There are two
ways to handle the new situation where the number of
dyneins can vary, but the two solutions are fundamen-
tally different in the underlying assumptions about the
way that the axoneme works. One solution is to mathe-
matically adjust the force to probability conversion factor
(adhesion scaling factor in Table I) in mathematical

proportion to the number of total dyneins times the force
contribution per dynein, thus making the model self-
adjusting in a way that hopefully mimics the real axo-
neme. This was accomplished by using the following
formula as an internal adjustment:

adjustment factor �
fzi � Ni

�fzi � Ni� � �fzo � No�
(4)

Where fzi and fzo are the zero velocity dynein force of the
inner and outer arm dyneins, respectively, and NI and NO

are the number of inner and outer dyneins per segment,
respectively.

In the version of the model that used both the inner
and outer arm stall force in the bridge-switching algo-
rithm, the adhesion scaling factor from Table I was
corrected by multiplying it by the adjustment factor.
When the outer arms are disabled, the adjustment is
bypassed and the adhesion scaling factor, as given in
Table I, is used.

The second strategy employed made the relation-
ship that governs the probability of bridge attachment/
detachment dependent on only the stall force (zero shear-
velocity force) of the inner arm dyneins. This solution
assumes that only the inner arms play a role in regulating
the switching events in the beat cycle. In order for this
solution to make any physical sense in a real flagellum,
the outer dynein arms would have to be contributing little
or no force between the doublets at the point where
switching (i.e., beat reversal) occurs. There are a number
of experimental observations that suggest this may be the
case and these are considered in the Discussion.

Unfortunately, at the present time there is no way to
determine which viewpoint is the correct one. Conse-
quently, both approaches were used and evaluated to see
if the resulting simulations provided different results
dependent on the chosen approach.

Drag Torque

The balance of the driving torque and torque due to
viscous drag was modified in this version of the model to
provide a better response of the motion to the forces of
viscous drag. In the previous model, the curvature at each
segment was allowed to decay exponentially toward a
calculated mechanical equilibrium position. The equilib-
rium position is the local curvature that would result if
passive elastic torque and the active torque, from the
action of the dyneins, were in balance at that instant. At
every iteration, the rate of decay was adjusted so that the
average drag torque was roughly balanced with the driv-
ing torque. This was done with a function that served as
a “drag cushion.” If viscous drag was too little, the rate
of decay was increased; if the viscous drag torque was
too large, the rate of decay was decreased. This simple
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approach provided a viscous drag-like behavior acting at
every segment that was appropriately scaled to the mag-
nitude of the viscous forces acting on a flagellum of a
specified diameter and length. It was deficient in the
following way; while always adjusting toward a balance,
the driving and viscous torque could temporarily be far
from balanced at a given iteration, especially when the
driving torque is rapidly changing. The new model im-
proves the original approach by projecting the new po-
sition that results from the decay constant adjustments in
order to refine the torque balance. This is done by using
the projected position to calculate the new drag torques at
each segment and then examining the residual imbalance
between the driving torque and viscous torque at each
segment. Based on the evaluation of the torque imbal-
ance, the decay constants at each segment are then read-
justed by a small increment in the direction that mini-
mizes the imbalance, and the position is then re-
projected. This is repeated a number of times to approach
a new position for the flagellum, which achieves a sat-
isfactory torque-balance at each segment. The loop index
for this adjustment algorithm was set at seven since only
small gains resulted from additional repetitions. In a
cilia-like beat as explored in this report, the new torque
balance algorithm provided approximately an 80% match
of driving and drag torques.

RESULTS

The new model, with the modifications described
above, produces stable repetitive beating using a latitude
of choices for the force-velocity relationship of the inner
and outer arm dyneins. Figure 2 displays four of the
force-velocity relationships evaluated in the current
model. The first relationship (Fig. 2a) is the least com-
plex. It assumes that the inner and outer arm dyneins
exhibit a hyperbolic force-velocity relationship similar to
muscle myosin. Both inner and outer dyneins have an
isometric maximum force of � 5 pN consistent with
measured estimates [Schmitz et al., 2000; Shingyoji et
al., 1998]. The curves were scaled to reach �max values
based on the information available in the literature on
dynein sliding kinetics.

Two reports [Oiwa and Takahashi, 1988; Vale and
Toyoshima, 1989] suggest that at high ATP, maximum
rates of sliding in the vicinity of 18 �m/s can be ob-
tained. When inner arms have been selectively used to
power sliding, the velocity of sliding is reduced to ap-
proximately half [Gibbons, 1975; Yano and Miki-Nou-
mura, 1981; Fox and Sale, 1987; Vale and Toyoshima,
1989]. Therefore, the curves are scaled so that �max is 10
�m/s for the inner arm dyneins and 20 �m/s for the outer
arm dyneins. These are intentionally set slightly higher

than the experimental values so that they should be near
the theoretical maximum sliding rates.

One set of force-velocity relationships is closely
patterned after the optimized force-velocity relationship
published by Brokaw [1999], which produced the best fit
to experimental data for a sea urchin flagellum when used
in Brokaw’s computer model of flagellar motion. This
relationship is shown in Figure 2c and is formed from
segments of linear and Gaussian curves (detailed above)
to give an approximate match to the force-velocity
curves [published as fig. 11 in Brokaw, 1999].

An intermediate case of force-velocity was also
used (Fig. 2b) that gave the outer arm dyneins a maxi-
mum force approximately half that of the inner arms
below 3 �m/s, but otherwise leaving the hyperbolic
relationship in place. Finally, the fourth relationship used
(Fig. 2d) extrapolates the trend of Brokaw’s force-veloc-
ity relationship to a more extreme conclusion. Instead of
the outer arm force dropping to half of the peak force as
sliding velocity decreases from 2 �m/s to zero, the force
falls to one tenth of the maximum. In this case, the outer
arms cease to effectively contribute force when sliding
comes to a standstill.

To fairly evaluate the impact of the force-velocity
relationships on the waveform and frequency of the cil-
iary simulation, an identical set of parameter choices had
to be selected and then employed uniformly using the
same model. This was feasible with a number of param-
eter choices. The parameter set given in Table I produces
a beat using all of the force-velocity curve sets, and is
composed entirely of values that are within the range of
possibilities for a real 10 �m flagellum. Figure 3 is a
display of computer simulations produced using the pa-
rameters given in Table I for each of the four force-
velocity profiles from Figure 2. For each of the four
force-velocity conditions, the computed output with the
outer arms inactivated is shown in the lower panel of the
figure (outer arm deficient � oad).

Two things are immediately obvious from the sim-
ulations. Firstly, a cilia-like beat, with a clearly defined
effective and recovery stroke, is more realistically sim-
ulated by the relationship adapted from Brokaw (Fig. 3c)
and the relationship constructed as an extreme version of
Brokaw’s relationship (Fig. 3d). Figure 3a is very unlike
the beat of a cilium in that there is no clearly defined
effective stroke. In the transitional force-velocity rela-
tionship (Fig. 3b), it is clear that the addition of a force
plateau in the outer arm relationship is key to generating
a pattern that is more cilia-like. The second thing that
stands out from the results is that the normal and oad beat
patterns become more similar to each other as the se-
quence progresses from a to d.

In the Geometric Clutch model, the resting proba-
bility of dynein bridge attachment for the P and R bend
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dyneins is an important factor in determining the sym-
metry of the beat. Therefore, one might assume that the
beat seen in Figure 3a, which is very unlike the beat of a
real cilium, could be corrected by making the probabil-
ities of dynein attachment more asymmetric. Figure 4a
shows the result of “forcing” the same simulation as
given in Figure 3a (the hyperbolic force-velocity rela-
tionships) into a more cilia-like beat by setting the P and
R resting probabilities at 0.2 and 0.005, respectively. The
end result is a more cilia-like beat, but the corresponding
oad condition, shown in Figure 4b, is less cilia-like and
no closer to conserving the waveform of the intact cilium
than with the original settings used for Figure 3. Further-
more, it can be argued that such extremely disparate
choices for the probabilities of dynein engagement in the
two bending directions are not reasonable, given the
absence of obvious differences in the doublet spacing on
the two sides of a real axoneme. Therefore, the results

presented in Figure 3 can not be arbitrarily adjusted away
by the choice of the P and R base probabilities.

Four different parameter sets (all able to support
beating with each of the four force-velocity conditions)
were examined to see if the relationships reported here
are strongly influenced by the specific set of parameters
chosen. The results, in regard to both the waveform and
the effects of outer-arm inactivation, were similar with
all four of the parameter sets. Therefore, the results
presented seem to be relatively independent of the spe-
cific parameter set chosen for the comparison.

The chief reason for choosing the specific param-
eter set given in Table I for the composition of Figure 3
is that the computed ciliary beat tends to resemble the
beat of a real 10-�m simple cilium without requiring
inappropriate or questionable physical values. The re-
semblance to a real cilium is particularly accurate using
the force-velocity relationships in Figure 3c and d. The

Fig. 3. Output of the Geometric Clutch computer model using four
different force-velocity relationships. One full beat cycle of the model
is displayed for each of the force-velocity relationships shown in
Figure 2 a–d, in the same respective order. a: Simulated using the
hyperbolic relationship. b: Uses the modified hyperbolic relationship.
c: Uses Brokaw’s relationship. d: Uses the modified Brokaw relation-
ship. a–d: The beat with both inner and outer arm dyneins active (wild
type). e–h: Outputs correspond to simulated experiments where the
outer arms have been disabled (oad � outer arm deficient). To obtain
a full beat cycle for the wild type, every 25th iteration was plotted,
while every 75th iteration was plotted for the oad model output. The

beat displayed, in all cases, is after the model has stabilized from the
start-up cycle. Output of the variant of the model that utilizes both
inner and outer arm forces in the dynein-bridge adhesion algorithm is
shown (details in text). Notice the progression toward a more cilia-like
beat with a more defined effective and recovery stroke as the force-
velocity relationship changes from a through d. This is accompanied
by a closer resemblance between the wild type (a–d) and oad beat
patterns (e–h). The labels s and f correspond to the start of the
computer model output (first plotted iteration) and the final output (last
iteration) of the model, respectively. The beat frequency is given in the
lower right corner of each output.
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output in Figure 3d is strikingly similar to the beat of a
Newt lung cilium as published by Weaver and Hard
[1985]. The frequency, with and without the outer arms,
compares well to the results reported by Hard et al.
[1992] for reactivated intact and outer arm extracted
Newt lung cilia.

In addition to the force-velocity relationships pre-
sented in Figure 2, a linear relationship and a linear
relationship with a plateau on the outer arm dynein force
(as in Fig. 2b) were also tested, yielding no additional
insight. The next best set of relationships beside those
shown was to use static values for the inner and outer arm
forces, but this can be discounted as not physically mean-
ingful.

The form of the beat remains the same independent
of the algorithm chosen to scale the dynein-generated
adhesive force to the probability of bridge attachment/

detachment. That is to say, bridge attachment and de-
tachment regulated by only the inner arm stall-force
worked, as did using the inner and outer arm stall force.
When both inner and outer arm forces were used, the
scaling constant had to be adjusted internally to reflect
the number of functional arms and their respective stall
forces as described above. Figure 5 shows the simula-
tions that result using the two different scaling algo-
rithms for the adhesion force, for both the pure hyper-
bolic case (from Fig. 2a) and the best-fit cilium case
(from Fig. 2d). The side-by-side comparison of the beat
cycle also includes the results with the outer arms inac-
tivated (Fig. 5e–h). Although not shown, the simulations
were also virtually identical using both switching algo-
rithms for the two intermediate cases corresponding to
Figure 3c and d.

DISCUSSION

The level of detail available in the new version of
the Geometric Clutch computer model permits an eval-
uation of the function of outer and inner dynein arms in
the context of the Geometric Clutch hypothesis. This in
turn makes it possible to consider in a theoretical frame-
work the extensive body of observed data on inner and
outer arm function. The new computer model with spe-
cific choices for the force-velocity behavior of the inner
and outer arm dyneins can realistically simulate a real
10-�m cilium. Furthermore, the best cilia-like beat is
generated with reasonable values for the parameters (Ta-
ble I) that define the mechanical properties of a cilium.

In the new model, the choice of force-velocity
relationship assigned to the inner and outer arms strongly
affects the characteristics of the resulting beat. The ap-
pearance of the beat improves, that is, becomes more
cilia-like, when the force-velocity behavior used in the
model is adapted from the theoretical work of Brokaw
[1999]. Furthermore, in order to simulate the classic
outer arm-extraction experiments performed on real cilia
[Hard et al., 1992], a formulation of the inner and outer
arm force-velocity characteristics similar to those pro-
posed by Brokaw appears to be advantageous, if not
essential.

The model of inner and outer arm dynein proposed
by Brokaw [1999] is based on a conventional four step
cross-bridge cycle, which is then adjusted to give a best
fit to the data from dynein outer arm extraction experi-
ments on real flagella. The differences in force-velocity
output are attributable to changes in the probability of
dynein attachment that varies with sliding velocity. This
approach has allowed the model to be used as the basis
for a comprehensive model of processive enzymes [Bro-
kaw, 2001]. The Geometric Clutch model as presented
here does not incorporate the effect of sliding velocity on

Fig. 4. Induced asymmetry in the hyperbolic force-velocity condi-
tion. One beat cycle is shown using the same force-velocity profiles as
for Figure 3a and e, but changing the P and R resting probabilities of
dynein bridge attachment to 0.2 and 0.005, respectively, to maximize
the asymmetry of the beat. The resulting beat (a) is more cilia-like than
that of Figure 3a, but the deactivation of the outer arms (oad � outer
arm deficient) (b) produces a very lopsided beat with a fairly rigid
recovery stroke, unlike that of a real cilium. It is also quite distinctly
dissimilar in waveform from the intact form (a). To obtain a full beat
cycle for the wild type, every 25th iteration was plotted, while every
75th iteration was plotted for the oad model output. The beat frequency
is given in the lower right corner of each output.
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the bridge detachment probability, and in fact incorpo-
rates no detail about the dynein cross-bridge cycle.

The operation of the Geometric Clutch model does
yield insight into how the force-velocity behavior of the
inner and outer arm dynein can play a significant role in
determining the waveform. If all of the dyneins were to
exhibit myosin-like behavior, with a strong coupling of
the release step to the mechanical cycle, then bridge
attachments should pile up at slow shear velocities, re-
sulting in a maximum force at the point of stall (isometric
force). This is the way the inner arms behave in Bro-
kaw’s simulation. If the outer arm dyneins also possessed
this property, then the outer arms would contribute just as
strongly to the force between the doublets at low shear
velocities, and thus be a major factor in determining the
t-force threshold for bridge inactivation. In the algorithm
that represents the adhesion between the doublets, when-
ever a substantial portion of the outer arm force is in-

cluded, it causes a change in the waveform of the beat
upon removal of the outer arm dyneins. This is what is
observed in the sequence of beats shown in Figure 3. In
Figure 3a, the outer arms are contributing a larger
amount of force to the adhesion between the doublets
than are the inner arms. This contribution drops to ap-
proximately 10% of the total in Figure 3d. As the pro-
portion of interdoublet force contributed by the outer
arms decreases, the effect of outer arm extraction on the
waveform of the beat diminishes.

It is a well-established observation that when the
outer dynein arms of flagella or cilia are removed or
disabled, they beat with a conserved waveform but
greatly reduced frequency [Gibbons and Gibbons, 1973;
Kamiya and Okamoto, 1985; Mitchell and Rosenbaum,
1985; Brokaw and Kamiya, 1987; Fox and Sale, 1987].
The results obtained using the new version of the Geo-
metric Clutch computer model suggest the following

Fig. 5. A comparison of the computed model output using two
different methods of scaling the adhesion forces to attachment prob-
ability. a–d: The wild type output of the model. e–h: Outputs obtained
with the outer arm dynein disabled (oad � outer arm deficient). To
obtain a full beat cycle for the wild type, every 25th iteration was
plotted, while every 75th iteration was plotted for the oad model
output. Outputs a, b, e, and f from the model use the hyperbolic
force-velocity relationship shown in Figure 2a, while c, d, g, and h are
outputs using the modified Brokaw’s force-velocity relationship given
in Figure 2d. As discussed in the text, the division of the dynein into

two groups, each with different functional properties, created uncer-
tainty as to what the most valid approach should be when scaling the
dynein adhesion force to the probability of bridge attachment. There-
fore, two different scaling methods were evaluated. One method used
only the inner arm zero-velocity force from the active inner arm
dyneins to adjust the scaling (a, c, e, and g). The other method used the
sum of both the inner and outer arm zero-velocity forces of the active
dyneins (b, d, f, and h). Both approaches gave virtually the same result
for each of the four force-velocity relationships used, with the results
from the two extremes of the force-velocity relationships being shown.
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relationship. The less the outer arms contribute to the
total force on the doublets at the switch-point for beat
reversal, the more the waveform will be insensitive to
removal of the outer arms. This relationship predicts that
to get complete invariance of the waveform, as is claimed
for some cilia and flagella, the outer arms must be con-
tributing negligibly to the force responsible for the
switching event at the point in time that switching occurs.
In the computed simulation, this is best approximated by
having a force-velocity relationship for the outer arms
that approaches zero when the velocity of sliding ap-
proaches zero.

In a real flagellum or cilium, it is possible that the
outer arms contribute little force at the switch-point if
they have a short duty cycle, and are not processive. If
this were the case, the outer arms would quickly cease to
contribute force when the shear velocity is near zero.
This possibility appears to have some support from evi-
dence obtained thus far on isolated dynein. It has been
reported that dynein has a short duty cycle and is prob-
ably not processive [Johnson, 1985; Hamasaki et al.,
1995; Wang et al., 1995]. Recently, it has been shown
that outer arm dynein only becomes processive at low
ATP concentrations [Hirakawa et al., 2000]. However, it
has also been reported that inner arm dyneins of the
axoneme are processive and have a greater stalling force
[Shingyoji et al., 1998; Sakakibara et al., 1999].

Outer arm deficient flagella usually are motile
while inner arm defective flagella usually are not [Bro-
kaw and Kamiya, 1987]. Based on a review of the
experimental evidence, Brokaw [1994] suggested that the
outer arms do not provide the impetus for bend formation
or bend angle propagation but do provide additional
power to overcome viscous resistance. Furthermore, ex-
periments on Chlamydomonas mutants that are immotile
due to inner arm and/or central pair defects can be
induced to beat by mechanical means [Hayashibe et al.,
1997]. This supports the idea that the outer arms are
recruited by mechanical action in the form of induced
bending or shear. In a normal flagella, the coordinating
bends are provided by a mechanism constituted by the
inner arms and/or central pair, but in the mutant flagella
outer arm function can be induced by substituting exter-
nally supplied bending. These observations support the
idea that inner arm dyneins are most important for reg-
ulating and carrying out the switching events needed to
produce a beat. They also lend support to the idea that the
inner arms may be providing proportionately more of the
force at lower shear velocities.

The resulting picture for the behavior of the outer
arms aligns with the “Excitable Dynein” idea of Murase
and coworkers [Murase et al., 1989, 1990], especially in
the modified form that was devised to handle large am-
plitude bending waves [Murase, 1991]. In the large am-

plitude version of the Excitable Dynein hypothesis, the
dyneins are allowed to undergo multiple bridge cycles
that terminate only when the sliding velocity declines to
zero. This modification to the original Excitable Dynein
hypothesis essentially eliminated one of the original
properties of the model, in that the beat and the dynein
cross-bridge cycle were no longer necessarily linked in a
one-to-one relationship, as had originally been proposed.
However, it made the model more consistent with obser-
vation, in that real flagella bend more than can be ac-
counted for by a single cross-bridge cycle. In the modi-
fied form, the excitable dynein idea is compatible with
the Geometric Clutch model as long as the excitable-
dynein behavior is associated with the outer arms.

Experimental observation dictates that the inner
arms must be able to sustain production of force and
bending torque at zero shear velocity. Flagella and cilia
have been shown to produce sustained force in a stalled
beat pushing against calibrated microprobes [Yoneda,
1960; Schmitz et al., 2000]. If the outer arms are not
contributing, then the inner arms must be responsible for
the force that has been measured when the flagellum is
blocked by a probe. If the inner and outer arm dyneins
have such pronounced differences in behavior, it should
be possible to confirm that fact using laser trap studies on
isolated dynein.

In the current version of the model, the most valid
method of scaling bridge attachment/detachment proba-
bility to the adhesive contribution of the dynein bridges
could not be determined. However, there is reason to
believe this could be rectified in the context of the
Geometric Clutch model by following a different ap-
proach to the evaluation of bridge attachment and de-
tachment. Recent experimental evidence suggests a value
for the maximum force that a single dynein can generate
[Shingyoji et al., 1998; Schmitz et al., 2000]. A reason-
able assumption is that the dyneins in a specific length of
flagellum will not be able to retain active attachments to
the adjacent doublet if the t-force acting on them is
greater than the combined maximum force they can gen-
erate by the sum of their efforts.

Recently, the magnitudes of t-force and the sum-
mated dynein force was examined in the context of the
Geometric Clutch model and it is noteworthy that the
t-force is often much larger than necessary to deactivate
the dyneins by such a direct mechanism. A trial algo-
rithm that bases the switching probability on an evalua-
tion of this balance operates effectively in place of the
current arbitrary scaling method. However, the adjust-
ment that is necessary to make such a scheme functional
in the Geometric Clutch framework involves finding
some way to reduce the effective t-force. In other words
there is too much t-force, more than is required for
switching. Therefore, it would be necessary to transfer
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most of the t-force to another structure of the axoneme in
order to get a life-like beat. Naturally, the spoke and
central pair apparatus are the structures that might bare
some of the excess t-force. Therefore, the next generation
of the model will need to incorporate a reasonable mech-
anism to account for the role of the spokes and central
pair apparatus in the management of t-force.

CONCLUSIONS

The Geometric Clutch model can simulate the beat-
ing of a cilium with a clearly defined life-like effective
and recovery stroke. To date, it is the only theoretical
formulation that can reproduce a ciliary beat cycle using
a single unmodified switching algorithm to control all
phases of the beat. The new version described in this
report incorporates four ranks of dynein motors with two
sets of dynein in each rank that represent the inner and
outer arm dyneins in numeric proportion to their pres-
ence in the eukaryotic axoneme. Additionally, the inner
and outer arm dyneins are distinguished by having inde-
pendently specified force-velocity behaviors. This new
level of detail allowed the first examination of the role of
differential inner and outer arm function on the ciliary
beat within the context of the Geometric Clutch hypoth-
esis. With this platform it was possible to show that the
form of the force-velocity relationship for outer and inner
dyneins substantially alters the waveform of a simulated
ciliary beat. Furthermore, the best simulation of the ef-
fects of outer arm extraction was obtained using a mod-
ified form of the theoretical force-velocity behavior of
dynein described by Brokaw [1999]. Therefore, in the
context of the Geometric Clutch computer model the best
simulation of a ciliary beat is supported by the differen-
tial inner and outer arm properties predicted by Brokaw’s
model. These results also support the compatibility of the
recent theoretical work on the dynein bridge cycle with
the switching algorithm of Geometric Clutch model.
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